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Action principles for the elastic solid and the perfect fluid
in general relativity -

D. SALTY
Department of Philosophy, McGill University, Montreal 110, Canada
MS. received 10th April 1969, in revised form 30th July 1970

Abstract. Action principles using the Eulerian description are proposed for the
elastic solid and perfect fluid in general relativity, By taking into account the
constraints on the independent variables appearing in the Lagrangian density, it
is shown that these action principles are equivalent to those using the Lagrangian
description, which have been given previously.

1. Introduction

Action principles for elastic solids and perfect fluids in general relativity have
been given by DeWitt (1962) and Taub (1954). These authors make use of the
Lagrangian description, as opposed to the Eulerian description. The action principle
for the electromagnetic field is naturally given in the Eulerian description, and there-
fore the interaction of the electromagnetic field with matter is more easily described
if an action principle for matter is available in this description. Such action principles
for both the elastic solid and the perfect fluid are given here. -

The Lagrangian densities in both cases are constructed to conform to the
following formalism (Pauli 1958). Let R be the curvature scalar of the spacetime
manifold, and Z the associated scalar density, so that # = (g)/2R,where g = —detgy;
and the gy (7, k, = 1, 2, 3, 4) are the components of the fundamental tensor; the
associated fundamental quadratic form @ = g, dx’ dx* is assumed to have signature
+2, in accord with Synge’s notation (Synge 1960). Then if & is the Lagrangian
density associated with the presence of matter, the gravitational field equations follow
from the action principle

84 =0 n
with

4= f(—?fz) dx, @)

In (2), « is the gravitational constant, and the integral is over a fixed region of the
spacetime manifold. The action principle (1) holds for those variations of the gy,
and the other variables occurring in .#, that vanish on the boundary of the region of
integration.

The gravitational field equations obtained from (1) are

G4 T = 0

where %% is the tensor density associated with the Einstein tensor G** and J** is
defined by
8L
T =2 ——, (3)
Ofix
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8% (8g,;, denotes the Lagrange derivatives of £ with respect to the field g;;. The
matter field equations are not obtained directly from (1), however, for in the Eulerian
description, the variables describing the motion of a material continuum cannot be
varied independently, but must be subjected to certain constraints. The constraints
necessary in the nonrelativistic case have been discussed recently by Seliger and
Whitham (1968), and in the special relativistic case by Penfield and Haus (1967) The
constraints used here are

#'8,XE = 0 )
2, (pu) = 0. ©)

The first constraint, (4), represents the condition that the world velocity vector w* of
the motion should be a unit timelike vector. (5) is the relativistic generalization of
Lin’s constraint (Seliger and Whitham, 1968), the X*¥( K = 1, 2, 3) being a set of three
scalar fields labelling the material points of the continuum. (6) represents the con-
servation of mass, p being the mass density, which transforms as a scalar density.

The matter field equations can now be derived from (1) using the method of
Lagrange multipliers to take account of the constraints (4)-(6). Let o, 8%, and y be
the Lagrange mu1t1pl1ers then as far as the derivation of the matter ﬁeld equations is
concerned, (1) is equivalent to

54 =0 )

where
= f F'dx

and
&' = &L+ a(gpw'w® + 1)+ Brw' e, X5 +va,(pnt).
The Lagrange multipliers are to be regarded as variables on an equal footing with the

g and the variables used to describe the material continuum. Their variation in
(7) leads simply to the equations of constraint (4)—(6).

2. The elastic solid
The elastic solid is assumed here to be characterized by the following functional
form for %,
£ = —p(L+T)(~gur'e)? ®
where X, the internal energy density per unit mass, is a function of the g;; and the
2, X% only. For Z to be a scalar density X must be an absolute scalar, and must

therefore be expressible in terms of scalars formed from the g, and the X% To
ensure that the theory reduces to classical elasticity theory in the nonrelativistic

-1
approximation, X is assumed to depend only on the world scalars CXT defined by
-1 o
C XL = gHlp, X%3, XL,
-1
The C*™ represent the components of the inverse of Green’s deformation tensor

in the instantaneous rest frame of the material at a given spacetime point (‘Toupin 1957,
Grot and Eringen 1966). The derivatives of £ with respect to g;, and 8,X¥ will be
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useful later. They are
) 0z

-—-3 XM&XN mignk
o8k & OMN " w8

and
ez ) 0%
a8, X%) =1

¢ CKN

2, X"g",

The tensor density J % associated with the Lagrangian density (8) is

. 8.¥ i
T =22 2
38k ik

= p(1+ Z)wiw” —#t* (9)

where the constraint (4) has been used after the differentiation has been carried out.
The tensor density #* is the relativistic generalization of the Cauchy stress tensor
defined by Toupin (1960) and is defined by

5 0z
—3 p e —

0k

oz .

- S amXManXNgmlgnk‘
o CHN

tik‘

= -2

The field equations that follow from (7) with the special form (8) for &£ are

p(1 4+ 3 Yooy + 2oty + B8 X5 — piy = 0 (10)
143 fuiéy = 0 (1)
cX

5%@3},{—) —Bgw' =0 (12)

together with the constraint equations, which have been used to simplify the above,
Multiplying (10) by %' and using (11) leads at once to the result that « = 0, so that
(10) can be replaced by

p(1+Z )+ B0, X* —pbyy = 0. (13)
Multiplying (13) by =* and differentiating with respect to &* leads, after using the
constraint equations, to
6, T~ p-_g— B2 XE + Bk et XX — 6(pw¥ ) + 6(ow®) oy = 0. (14)
k i a(aka) i K i i

Substituting in (14) for pw*é,y and &y, using (11) and (13), leads, again after some
manipulation and the use of constraints, to

. D>
B

2 a -
P g)(gkXK) alkXK'I'PUlZ +P(1 +2 )wkalwk = 0. (13)

6T
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Now
32 2 o2
02 = ——— 0 XX + o
i (. X) ik . 18kl
and therefore (15) reduces to
K, X,
3}c9_1+P5— g +p(1+ Dywpdw® = 0. (16)
Kl
Also
Oi(gw ') = 0
therefore . .
w, 0wk = —Luwkw'd,g,,.

Thus (16) becomes

8k'r?'%'fmaigki =0
therefore
VT i =0 (17)

where v/, denotes covariant differentiation defined with respect to the Christoffel
symbols formed from the g;;.

Equation (17), together with the equations of constraint (4)-(6), constitutes the
system of field equations for the elastic solid obtained in the more usual Lagrangian
description (DeWitt 1962). The above argument shows, therefore, that every
solution of the field equations following from the action principle (7), with the special
form (8) for & is also a solution of the field equations obtained from the usual action
principle. To complete the proof of the equivalence of the two systems of the field
equations, it remains to show that any solution of (17) and the constraints {4)-(6)
is also a solution of the equations (10)—(12). That is, given p, %!, XX and g, as
functions of the coordinates satisfyving (17) and (4)-(6), it must be shown that there
exist functions «, 8y, and y such that the two sets of functions taken together satisfy
(10)-(12).

)This can be done as follows. First put « = 0 and let y be any solution of (11),
regarding (11) as a first-order partial differential equation for y. Then the functions
Bx are uniquely determined by (1). Explicitly, define 12 quantities x} by the
equations

wxy =0 (18)
x 6, XE = 8} (19)

(18) and (19) uniquely define the xj, for the four vectors w,;, X% are linearly
independent (Toupin, 1957). Using (18) and (19), it follows from (10) that

Br = pritey. (20)

Equations (10) and (11) are now automatically satisfied; it remains to show that (12)
is satisfied. Using (20) the lhs of (12) becomes, apart from sign,

ue (g + pxg by, 21)
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Useful formulas in the reduction of (21) are
8ix; = wkxéaiw,—xfx}{@ﬂ){ﬂ
k

a k
CiXKxK = g’l + wiwk.

Coupling these results with (11) and (17), it is a matter of straightforward, if tedious,
calculation to show that (21) vanishes, and hence that (12) is satisfied by the above
choice of o, B, and . Thus the equivalence of the systems of equations following
from the action principle proposed here and the more usual one is established.

3. The perfect fluid

The scalar density & for a perfect fluid has the same form (8) as that for an
elastic solid, but the internal energy Z is now assumed to depend only on the mass
density p, as measured in the instantaneous rest frame of the material. The relation
of this density to p can be obtained from a consideration of the invariant volume dg
in the three-space orthogonal to ' at the spacetime point xf, Let AL (x = 1, 2, 3)
be an orthonormal triad in this 3-space, and consider the volume element spanned
by the infinitesimal vectors dé*Ad,, d&2A},, d&®AL,. The invariant volume- element
dg is just d€* d¢2 dg€®, while the corresponding element of extension in the 4-space is
given by the antisymmetric tensor

dVikm
The dual vector density dV/, is

iy k yml
312a) Mgy Agsy daos

» i kym
dV, = €mn }\<1> ’\<2> }‘<3> dsv

where €, ,,, is the permutation symbol. The vector density

i k ym
Yn = €ixmn '\<1> A<2) }‘<3>

is orthogonal to each of the A/, by inspection, and must therefore be proportional to
w, = g,,»™ since ' is also orthogonal to all the A,. Therefore,

Vo = VEnm"

and

& vryn = viguw'nk.
But by direct calculation, it may be shown that

g s = —g7"
so that

y = g VA~ gua'w) TR,
po may be defined by the relation
podgv = —puw™dl,
= —pwhy, dsv

— pw"yg pme™ dgv
+pg— 1/'2( _gikwiwk)-i-l/'z dgv.

A3
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Hence

po = pg ™M (—guna'w)H2.
Notice that the factor in brackets equals unity when the constraint (4) is taken into
account, but it is essential that this simplification is not made until after the required
variations have been carried out, since it is the particular functional dependence of £
on its independent variables, rather than its actual value, which is important. With
this proviso, the following derivatives may be noted:

0% 0X

e I e
dp  po

¢z ¢z

— = - w;s

Fow Po Epo i

0% D

= o (),
O8ux épo

Using the last of these results, the tensor density % for the perfect fluid may be
calculated to be
TR = p(l + Z yw'wk —F

where
ex oz
#E = 2p— = —ppo—(g"* +wiw").
08k OPo
The scalar pressure p may be defined by
0z
P =po°
> B,
and then
Tk = (g)L2Tix
where

T = po(l + I+ g)wiw’f + pgtk.
Po

The field equations corresponding to the action principle (7) are

0L
p(1+ ), + ppo —— w; + 2020, + B 6, XF —plyy = 0 (22)
OPo ‘
cZ )
143 tpom +afly = 0 (23)
fpo
(Bxwt) = 0 (24)

which once again must be augmented with the equations of constraint (4)—(6). In
exactly the same way as for the elastic solid, it may be shown that elimination of the
Lagrange multipliers leads to the equation

VT E = 0. (25)
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As in the case of the elastic solid, (25) and the constraint equations (4)-(6) make
up the usual field equations, and so the elimination of the Lagrange multipliers shows
that every solution of (22)—~(24) and the constraints is also a solution of the usual field
equations. That every solution of the latter system of equations is also a solution of
(22)~(24) again follows from a tedious calculation. « may be put equal to zero, and
y may be taken to be any solution of (23), whereupon B is uniquely determined by
(22). The vanishing of the left hand side of (24) then follows from (25), and hence,
just as in the case of the elastic solid, the equivalence of the usual system of field
equations with that following from the action principle (7), is established.

4. Conclusions

Action principles have been proposed, in the Eulerian description, for two special
cases in continuum mechanics, the elastic solid and the perfect fluid. It has been
shown, by taking into account the constraints on the independent variables in the
Lagrangian density, that the action principles used here are equivalent to those
usually used, which employ the Lagrangian description. A later paper discussing
electromechanical interactions will illustrate the advantages of the Eulerian description
in this respect.
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